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Summary from the last lecture

-> We can build termination provers and analysis tools
using mixtures of

= Symbolic model checkers for safety
" Program analysis tools
= Rank function synthesis engines

-> Programs:
= Arithmetic
= Sequential
= Non-recursive

- We simply fail when termination cannot be proved
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Byron Cook

Microsoft Research

Abstract

CFL-reachability is the essence of partial correctness for recur-
sive programs, where the qualifier CFL refers to the stack-based
call/return discipline of program executions. Accordingly CFL-
termination is the essence of total correctness for recursive pro-
grams. In this paper we present a program analysis method for
CFL-termination. Until now, we had only program analysis meth-
ods for recursion or total correctness, but not both. We use the
RHS framework [24] for interprocedural analysis to show how such
methods can be integrated into a practical method for both.

Introduction

The extension of Hoare logic for reasoning about recursive pro-
grams is by now well-understood (see, e.g.. [8]). In contrast, the
treatment of recursion in program analysis continues to be an ac-
tive research topic [3, 9-11. 13-15. 17, 23-27]. as we continue to
search for appropriate abstract domains for analyzing the stack as
an infinite data structure. This issue is circumvented if one switches
from a trace-based semantics to relational semanties (a procedure
denotes a binary relation between entry and exit states). The draw-
back. however, is that one loses the direct connection to trace-based
properties: reachability and termination. and thus partial and total
correctness (or, more generally and especially for concurrent pro-
grams. safety and liveness). A breakthrough in this regard was ob-
tained by the framework for interprocedural analysis in [24]. !

Andreas Podelski

Freiburg University

Andrey Rybalchenko
MPL-SWS

(e.2..[18,19]): in both those cases the above-mentioned dichotomy
between the trace-based semantics and the denotational (relational)
semanties 1s not an issue. Our work differs from existing work on
model checking of temporal properties (in generalization of termm-
nation and total correctness) for finite models augmented with one
stack data structure (e.g., [1. 10, 16]) by the extension of its scope
to general programs.

Our TERMINATOR termination prover [7] is, in some cases, ca-
pable of proving termination of recursive programs. These are cases
when a precise relationship between the interplay between the stack
and states 1n the transitive closure of the programs transition rela-
tion are not important, as we abstract this information away in pre-
vious work. TERMINATOR can. for example, prove the termination
of Ackermann’s function, while it fails to prove the termination of
Fibonacei's function.

Our work distinguishes itself from both existing interprocedu-
ral analysis and model checking by the way abstraction is intro-
duced. Tt is well-known that the finitary abstraction of valuations
of infinite data structures is bound to lose the termination property.
Instead. one needs to abstract pairs of consecutive states (e.g.. by
the fact that the variable x properly decreases its value). This ‘rela-
tional abstraction” of programs interferes in intricate ways with the
abstraction of the ‘relational semantics’ of a procedure. This 1s one
reason why it is practically mandatory to decompose the reasoning
about recursion (which requires the abstraction of the ‘relational’
semanties) and the reasoning about termination (which requires ‘re-

B
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Mjcrosoft’
Recursive programs Research

-» Termination & recursion are orthogonal
problems

-> Today:

= A new program transformation that returns
semantically equivalent non-recursive programs

= Assumes an oracle for partial-correctness semantics

" Transformation is “parametric”

16
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4% Terminator Lemma Viewer

File View Help
Proof Information

- Lemmas
- hck

6: n = Ack(x,y);
11: return Ack(x,n);

— Expression

.y}=ﬂ
y<=(H[y]-1)

[ [

-Source Code
test.c
1: unsigned int Ack(unsigned int x, unsigned int y){ e
e 2 if (x>0} {
3 int m;
- if (y>0) {
= e
T n = Ack{x,¥};
7 } else |
HH n = 1;
8. }
10: x——;
11: return Ack({x,n);
12: } else |
[ return y+l;
14: 1
152 |
l&:
17: void main()
18: {
14: int x = nondet();
20: int ¥ = nondet(}; -
~-21: Rckix, v): o

File: c:'slam*sncterminatordemos’d2test ¢, Line: &, Function "Ack’
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Recursive programs

19

REACHABLEg(p ¢.7) (Lerr) dO

t 75, m. = lasso in H(P, £, T) from 0 to ¢, and £ to Leyr

let p = af[m]"([7s]))

if SYNTHESIS([7]|,) returns ranking relation f then
T:=TU>,

else

report “potential counterexample found: mg,m.”

fi
od
report “termination proved with argument 1"

We assume Hhat REACHABLE 5uPPor‘,'s

cecnrsion




Recursive programs

procedure fib(x) begin

Vo : if x > 1 then begin

lq : y := fib(x — 2)

{5 z .= fib(x — 1)

U3 : return y + z
end

/4: Teturn 1

end



Recursive programs

procedure fib(x) beg £y : use [y:=fib(x — 2)]

lo : 1f x > 1then beg

(1 : ot 2
s : Z = fib(x — 1)
U3 : return y 4 z

end
/4: return 1
end



Recursive programs

EO if x >1 ten be
1 -

{5 z .= fib(x — 1)
U3 : return y + z
end
f4: return 1 assume([y:=fib(x —
end X 1= x'

y =y
z =7



Recursive programs

procedure fib(x) beg

lo:1f x> 1 then be
€1 . - =
€2 .
83 .
Ci.
f4: return 1 assume( |y:=fib(x —
end X = X'

y =y
z =7




Recursive programs

procedure fib(x) begin
Vo : if x > 1 then begin

/1 : ‘H’H’

/4: return 1

end ‘
Leve of precision determined on

demand durine ~+he Pr‘oo@
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= [PLDI’06] transformation for termination is
unaware of recursion

-» Termination & recursion are orthogonal
problems

-> Today:

= A new program transformation that returns
semantically equivalent non-recursive programs

= Assumes an oracle for partial-correctness semantics
" Transformation is “parametric”

25
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Recursive programs Research

= [PLDI’06] transformation for termination is
unaware of recursion

Harder +o execute Are orthogonal

semantically equivalent non-recursive programs
= Assumes an oracle for partial-correctness semantics
" Transformation is “parametric”

26
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= [PLDI’06] transformation for termination is
unaware of recursion

Hacrder 4o execulte

Oma?pmxi moation
Fr&sc.rve,s

soundness

semantically equivalent non

. CO .
= Assumes an oracle for partial-correctness semantics

" Transformation is “parametric”
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procedure fib(x) begin

Vo : if x > 1 then begin

lq : y := fib(x — 2)

{5 z .= fib(x — 1)

U3 : return y + z
end

/4: Teturn 1

end
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procedure fib(x) begin

Vo if x > 1 then begin
y := fib(x — 2)
% z .= fib(x — 1)
U3 : return y + z
end

/4: Teturn 1
end



Fibonacci g
procedure fib(x) be{.i

Vo if x > 1 then begin
y := fib(x — 2)
% z := fib(x — 1)
(3 : returny +z
end

l4: return 1
end



Fibonacci

procedure fib(x) be<s.x

Vo if x > 1 then begin
y := fib(x — 2)
% z := fib(x — 1)
(3 : returny +z
end




Fibonacci

procedure fib(x) be<.i
(o df x > 1 then begin

y := fib(x — 2)
o5 z .= fib(x — 1)
U3 : return y + z

end




Fibonacci

procedure fib(x) be<{.i
(o if x > 1 then begin

y := fib(x — 2)
o5 z .= fib(x — 1)
U3 : return y + z

end




Fibonacci

procedure fib(x) be<s.x

Vo if x > 1 then begin
y := fib(x — 2)

5 z .= fib(x — 1)

3 returny + z

end




Fibonacci

procedure fib(x) be<.i
Vo -Jdf x > 1 then begin
)y = fib(x - 2)
3 : z .= fib(x — 1)
U3 : return y + z
end




Fibonacci

procedure fib(x) be<s.x

(o df x > 1 then begin
@ y := fib(x — 2)

5 z .= fib(x — 1)

U3 : return y + z

end




Fibonacci

procedure fib(x) be<s.x

Vo if x > 1 then begin
y := fib(x — 2)
e z .= fib(x — 1)
U3 : return y + z
end
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procedure fib(x) be<.i
(o df x > 1 then begin

y := fib(x — 2)
o5 z .= fib(x — 1)
U3 : return y + z

end




Fibonacci

procedure fib(x) be{.i

Vo if x > 1 then begin
y := fib(x — 2)

ok z .= fib(x — 1)

s ! return y + z
end




Fibonacci

procedure fib(x) be<s.x

Vo if x > 1 then begin
y := fib(x — 2)
o z .= fib(x — 1)
U3 : return y + z
end




Fibonacci

procedure fib(x) be<.i
(o df x > 1 then begin
@ y := fib(x — 2)
: z .= fib(x — 1)
U3 : return y + z
end




Fibonacci

procedure fib(x) be<s.x

Vo if x > 1 then begin
y := fib(x — 2)
% z := fib(x — 1)
(3 : returny +z
end




Fibonacci

procedure fib(x) be<s.x

Vo Jdf x > 1 then begin
y := fib(x — 2)
5

z .= fib(x — 1)




Fibonacci

procedure fib(x) be{.i

/0 1fx> 1 then begix
@) y= e [sé B |
o z .= fib( x—1) /




Mjcrosoft’
Recursive programs Research

= [PLDI’06] transformation for termination is
unaware of recursion

-» Termination & recursion are orthogonal
problems

-> Today:

= A new program transformation that returns
semantically equivalent non-recursive programs

= Assumes an oracle for partial-correctness semantics
" Transformation is “parametric”

46



Removing recursion

procedure fib(x) be<
Vo : if x > 1 then begin
lq : y := fib(x — 2)
{5 z .= fib(x — 1)




Removing recursion
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Removing recursion

procedure fib(x) begir
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/1 : y := fib(x — terminales we are

{5 z:=fib(X = | Her ol with
(3 - return y +\  +he summary

end
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Removing recursion

procedure fib(x) begir
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Removing recursion

procedure fib(x) begir

Vo : 1f x > 1 then be/ T°f +he commancl
lq : y := fib(x = doesn'+ teeminate
€2 . 7 = flb(X — we'll never 6?:" bac

€3 : return y 1 o +his stack c‘eP‘Hc\

end




Removing recursion

procedure fib(x) begin

Vo : if x > 1 then begin
lq : y := fib(x — 2)
05 z := fib(x — 1)

3 returny + z

end




Removing recursion

procedure fib(x) begin
Vo : if x > 1 then begin
/1 : y := fib(x — 2)
{5 z .= fib(x —

€3 : return y ¢1 : if * then begin
use [y:=fib(x — 2)] )
end end else begin
X =X — 2
goto /,




Removing recursion

procedure fib(x) begin
Vo : if x > 1 then begin

b

Recursive programs

-> Program transformation for termination is

unaware of recur5|0n
< 7 7

" Haed +o e.Xe,qurc.
7‘ /<ecur5|on are

L but easier 4o N /J

L rove —
N . Y,
ST e T
o i .
= A new program transformation that returns
semantically equivalent non-recursive programs
= Assumes an oracle for partial-correctness semantics
® Transformation is “parametric”

16

flb(x — 2)

7 T
A ”fffﬁaﬁg
o o e WP

/1 : if x then begin
use [y:=fib(x — 2)]
end else begin
X 1= X—2

goto £

end

5



Removing recursion

procedure fib(x) begin

Vo : if x > 1 then begin

€1 . if % ...

€2 . if % ...

U3 : return y + z
end

/4: Teturn 1

end



Removing recursion

procedure fib(x) begin

Vo : if x > 1 then begin

€1 . if % ...

€2 . if % ...

U3 : returny 4z
end

l4: Treturn 1

end




Removing recursion

procedure fib(x) begin
Vg :1f x > 1 then begi

l : if x ... assume(false)
€2 . if x ... P
U3 : returny 4z

end

assume(false)

/4: Treturn
end




Removing recursion

procedure fib(x) begin

Vo : if x > 1 then begin

€1 . if % ...

€2 . if % ...

{3 assume(false)
end

/4: assume(false)

end



Removing recursion

procedure fib(x) begin
Vo : if x > 1 then begin

E]_ . ?f X ... “a WVDY\S ‘|’|4f’l wa S
€2 . if x ... made 50,&“)]“‘1 0'0”3
{5 : assume(false) e way....... L

end ~—

/4: assume(false) = —
end




Removing recursion

procedure f(x) begin
Vo : if x =1 then begin

€1 . f(O)

end else begin
82 . f(l)

end

/3: return
end



Removing recursion

procedure f(x) begin
Vo : if x =1 then begin

end else begin \
82 . f(l)
end ﬁ\ if X then

{5: Petorn— aAssSume (@llse. )
end asswme(fatsb) 6‘86 .
304—0 2,




Removing recursion

procedure f(x) begin
g :1f x =1 then begi +hen 'or‘avwlf\
lq : f(0) 12 nevesr Tthe |

&

end else begin

82 . f(l)
end ﬁ\ if X then

{5: Petorn— aAssSume (@llse. )
end asswme(fatsb) 6‘86 .
304—0 2,

rwa\u"’ choice - -



Removing recursion

procedure f(x) begin

bo:y =1
/1 : while y > 0 begin
€2 . f(X — y)
U3 : y:=y—1
end

/4: Treturn
end



Removing recursion

procedure f(x) begin
bo:y =1
/1 : while y > 0 begin

Z f(x —y) ﬁ\

y:=y—1
end Counter LA MP(Q.
/4: return Jo decminahion
end need both cases

in The ”"18* !



Removing recursion

procedure f(x) begin
bo:y =1
/1 : while y > 0 begin

o : f(x —y) A~ ‘E(X—’),

83 . Y (=Y — 1 —
end

/4: Treturn

end

F(x);



Removing recursion

procedure f(x) begin

bo:y:=1

¢1 : if x > 0 begin

{5 y :=x * f(x —1)
end

¢3: return y

end



Removing recursion

procedure f(x) begin
bo:y:=1
¢1 : if x > 0 begin

Summar
s : y = x *|f(x —1 )
end D |\+ruwl/
Suf{ele-

¢3: return y
end
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-> Imagine that we have relational summaries
that underapproximate partial-correctness
semantics

> We can use these summaries to prove non-
terminating using the same technique

69



Underapproximation

while x > 0 do

f(x);
X =X+ 1;
done

70
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procedure f(x) begin
if x > 0 then

f(x —1);
fi
return;
while x > l' end
f(x); (O

X 1= X+ 1;
done



Underapproximation

Summarize uus'ms on\y Variable <

grom "HM— CDV\G‘D-F-—KWP‘U\@“&& 0? +he
(‘an\:‘uws ‘eunC'hDr\

while x > 0 do
f(x);
X =X+ 1;
done
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Summarize uus'ms only Variable <

grom "HM— CDV“"‘DF"WPMCM& 0? +he
(‘an\:‘uws Lunction

while x > 0 do
use x’ = x;
X =X+ 1;
done
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Summarize uus'ms on\y Variable <

grom "HM— CDV\G‘D-F-—KWP‘U\@“&& 0? +he
(‘an\:‘uws ‘eunC'hDr\

while x > 0 do
use X' = Xx; Non +ermination
X = X + 1; Casv +o '\>rove.

done

74



Microsoft’
Discussion Research

-> Semantics preserving recursion elimination

= Assumes (perhaps an overapproximation of) partial-correctness
semantics

= Transformed program is harder to execute, but simplifies proof of
program termination

= Shows that termination and recursion are somehow orthogonal
= Similar to observations about the heap

-» Transformation case-splits on termination from a given state
= Doesn’t terminate? Throw away the stack

= Does terminate? Use a summary.........

> Implementation is a snap!

= Termination for non-recursive programs + relational RHS

= Standard techniques used to refine RHS summaries on-demand

75
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procedure fib(x) begin procedure fib’(x) begin
ly : if x > 1 then begin if x > 1 then begin
0y : if « then /* IGNORE CUTPOINT */
y := fib’(x — 2); y = fib'(x — 2);
else /* IGNORE CUTPOINT */
X 1= x — 2: z .= fib'(x — 1);
goto lo: return y + z;
fi end
2% if x then dreturn 1;
z = fib'(x — 1); -
else
X =X —1;
goto /;
fi
{3 : return y + z;
end

{4 return 1;
end

76
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-» Recursive programs

-> Weakest preconditions
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TERMINATIONPROVER(P) C WP(P, true)
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TERMINATIONPROVER(P) C WP(P, true)
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TERMINATIONPROVER(P) C P, true)

Not WLP

e

82



Underapproximating weakest preconditions

TERMINATIONPROVER(P) C WP(P, true)

Wanted : +he mgh?l' \:recondihom
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TERMINATIONPROVER(P) C WP(P, true)
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WP (P, C) = wep(p, c) A (P, drue)
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File View Trace Tree Help
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nondet
int ¥ = nondet();
nondet
int y = nondet();
nondet

int z = nondet();

: while (x>=1 && y>=1)

EeE -] Lnon s s L

: while (x>=1 &&
nondet
if (nondet())
X — X — Z;
nondet
: while (x>=1 &&
: while (x>=1 &&

Step: 39
State -

Las=so:5tem

Drver:  Rule:

[41]
=1
!

"Research

=I[Ed
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Lot
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void main()
{
int ¥ = nondet();
int ¥y = nondet(};
int z = nondet();
while (x>=1 && y>=1} {
if {(nondet()})
X = X — EZ;
v = nondet ()} ;
I else |

)

| File: cMmpieThel.c, Line: 7, Function main’
Defect: Possibly non4eminating path found
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nondet () ; ?ml: volid main()

nondet () ; ?mE: int x = nondet(};
émﬂ: int y = nondet();
nondet () ; ?mE: int z = nondet();
>=1 && y>=1}

iy
oy

T while (x>=1 £& y>=1) {
?mE: if (nondet{)) {
det (}) { ?mﬁ: ¥ = X - Z:

Z; émlﬂ: v = nondet(};
?mll: P else |

12: .

>=1 && y>=1)

| iy |

==

>=1 && y>=1)




/"‘( DOCS -Ha‘as Cvc{e. alva\/g
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()7
mondet () ;

= nondet();

\-E while {(x>=1 && y>=1} {
i ?"51 if (nondet ()} {
et ()) { "y I
e ?”lﬂ: v = nondet();
-1 } else {
>=1 && y>=1) 1 12 y-—;
>=1 && y>=1) { 13 }
] émlq: }
..... 15: 1}
«] |




while (x>=1 && y>=1) {
if (nondet{)) {

:.:_
¥ o=
P else |
S

X - Z;

nondet () ;




File View Trace Tree Help
Trace Tree —5Source Code

| ¥
q 1]
—
]

émE: nondet
?“31 int x = nondet(); ~~1: woid main/()
émé: nondet %mEi 1

émé: int yv = nondet(); émj: int =

I
=
()
i
('}

-~ 5: nondet Y int y = nonc

I
=
()
i
('}

§m5: int £z = nondet/():; §m5: int =
émT: while(x>=1 && y>=1) { ?NE:

.. while (x>=1 && y> - émT: while (x>=1 :
émﬁ: nondet émi: if (nonc
- 8: if (nondet()} | 9 x =
gmﬁ: X = X - Z; émlﬂ: ¥ =
gmlﬂ: nondet émll: I else
émT: while(x>=1 && y>=1} { émlg: v
T: while(x>=1 && y>=1) | 13: }

£ |
"
(¥
b




File View Trace Tree Help

Trace Tree

LHE: ondet N
..... 3: int x = nondet();
..... 4- fondet
..... 4: int yv = nondet();
..... ilndEt ’TT’

int z = ndhdet();
..... = x - z:
..... nondet
----- T:/while(x>=1 z& y>=1)
..... hile(x>=1 &z& v>=1)

w

—Source Code
elc
~~11 woid main()
D
..... 3. int X = nonc
..... 4 - int ¥y = nonc
..... 5 int z = nonc
..... G-
----- T while {x>=1 i
..... g if (nomnc
..... o X =
..... 10 vy =
..... 11 - 1 else
----- 12 ¥
..... 13- 1
..... 14- }
..... 15 -



: while(x>=1 && ¥

whil,
£: nondet

B: if (nondet()) 1

(W) -]

Couldn’t prove [m]],; well founded.

State 1'| |

Las=so:Stem —

= File: c:\tmp*e1te1.c, Line
Driver:  Rule: Defect: Possibly nonteminating path found
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State

: while(x>=1 &£& y>—lg >/

o O e e TR i

* nondet

: if |
Couldn’t find an f :S

‘

[[WCM[[WS]]

Cou

C

1s;t) | f(s) > f(t) A f(s) = 0}

S
-;

— )

Las=o: Ste

Difiver:

93

Rule:

AN

Defe:::t @

nonteminating path Tound

\

ampe1'el.c, Line



Couldn’t find an f :S

[[WCM[[WS]]
S \

>>\

C := true

while “TERMINATOR(P, C') do
let (75, m.) be the counterexample to termination
C' := C N PRESYNTH(mg, 7.)

od

return C




PreSynth algorithm

e Iind a set B such that for all b € B
[7e] ) € {(s,7) | b(s) > 0}
e For each b € B, find a set of states () s.t.

(Irellm.)l@s S 1(s,2) [ 0(s) > b(t)}

o Return |, s WLP(([7e]|[r.1)*s @b)



PreSynth algg

C := true

while “TERMINATOR(P, C') do
let (75, m.) be the counterexample to termination
C := C AN PRESYNTH(7g, 7,)

od

return C

o Return U, s WLP(([7e]][r.1)*s Qb)
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Implementation

R(X, X") = [l fm]

C'(X) := false;

B(X) := QELIM(3X'. R(X, X"))

foreach conjunct 6(X) > 0 in B (X ) do
Qp(X) := QELIM(VX'.R(X, X') = b(X) > b(X))
C(X) = O(X) VWLP(R*(X, X'), Qp(X))

done

return C(X)
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Example Research

R

> > > |

X' =x—z
x > 1]

y > 1

7' =z
{x,y,2}
{xX,y,7'}
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nondet () ; ?ml: volid main()

nondet () ; ?mE: int x = nondet(};
émﬂ: int y = nondet();
nondet () ; ?mE: int z = nondet();
>=1 && y>=1}

iy
oy

T while (x>=1 £& y>=1) {
?mE: if (nondet{)) {
det (}) { ?mﬁ: ¥ = X - Z:

Z; émlﬂ: v = nondet(};
?mll: P else |

12: .

>=1 && y>=1)

| iy |

==

>=1 && y>=1)




Example

X' =x—1z
x> 1
y>1

Z—Z

1%, 2}

Xy, 7'}

i >>>|

X

R(X, X’) = [[WC]LL[[WS]] X'
C'(X) := false;
B(X) := QELIM(3X'. R(X, X"))
foreach conjunct 6(X) > 0 in B (X ) do

Qp(X) := QELIM(VX'.R(X, X') = b(X) > b(X))

C(X) = O(X) VWLP(R*(X, X'), Qp(X))
done
return C(X)
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Example

X' =x—1z
x> 1
y>1

Z—Z

1%, 2}

Xy, 7'}

i >>>|

X

R(X, X’) = [[WC]LL[[WS]] X'
C(X) := false;
BX) = QELIMEX". R(X, X)) |
foreach conjunct 6(X) > 0 1n B(X) do

Qu(X) := QELIM(VX".R(X, X") = b(X) > b(X))

C(X):=C(X)VWLP(R*(X,X"),Qu(X))
done
return C(X)
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Example

R = X =x—172
AN x>1
> 1
 QELIM(3K,y,Z. R)=x—-1>0Ay—-12>0 Z__Z
X = {xyz}
R(X, 2 773 X' = {xX,y,7}
C(X) = =

BX) = QELIMEX". R(X, X)) |

foreach conjunct 6(X) > 0 1n B(X) do
Qp(X) := QELIM(VX".R(X, X") = b(X) > b(X))
C(X):=C(X)VWLP(R*(X,X"),Qy(X))

done

return C(X)
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Example

R = X =x-—1z
AN x>1
/ / / yZ]-
~ QELIM(IX,y,z. R)=x—1>0Ay—12>0 J—
X = {xy,z}
R( y ' — Ib."! [T s ] X, — {X 7y’72}

C(X) =3
B(X) := QELII\/I(HX’ R(X, X"
foreach conjunct b(X) > 0 in B X) do
Qp(X) = QELII\/I(‘V’X’ R(X, X = b(X) > b(X))
C(X) = C(X) vV WLP(R* (X, X) Qp(X))
done
return C(X)
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Example

R = X =x-z
AN x>1
YZ1
~ QELIM(EX,y,Z. R) =x—-1>0Ay—-12>0 S,
X = Y,z
R( ) X’ — {X7y,7z}
C(X)
B(X) =y 5 R(X. X))
foreach conjunct b(X) > 0 in B deo
Qu(X) —QELII\/I(‘V’X’ R(X,X") = b(X) > b(X))

C(X):=C(X)VWLP(R*(X, X) Qp(X))
done
return C(X)
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Example

R = X =x-1z2
AN x>1
A\ yZl
N Z =z
X = {xyz
R(X,X'") := [[WCM[[WS]] X' = {X,y,7}

(X
C'(X) := false;
(X) := QELIM(ZX'. R(X, X))

forea junct b(X) >0 in B(X) do B
Qy(X) := QELIM(YX".R(X, X') = b(X) > b(X/))J
C(X) = C(X) VWLP(R* (X, X'], QX))

done
return C(X)
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Example

C =
B(X):= QELIM3X'.E_ 5
foreach conjunct b(X) > U==8(X) do
»(X) := QELIM(VX'.R(X, X') = b(X) > b(X/))J
CTXT = C(X) v WLP (R (X, X, Qs (0
done
return C(X)
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Example

C =
B(X):=QELIM@AX'.K_ 5
foreach conjunct b(X) > v=8(X) do
Qu(X) = QELIM(YX! R(X X'} = b
C(X):=C(X)YyWLP(R*(X,X"),Q
done
return C(X)
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Example

QELIM(WX',)y",Z. R=>x—-1>x"—1)=z< -1

C(X) =,
B(X WLP(R*,z< —1)=z< —-1Vx<1lVy<1
foreach—o
Qy(X) := QELI
C(X) :=C(X)
done

return C(X)
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Other examples

// @requires true;
while(x>0){

]{=]{+F’ "

F=F+3;
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Other examples

il
:{ﬂﬂ‘u’:{—l—}rﬂﬂwx—l—ﬁy—l— Eﬂﬁ:{—l—ﬂ}r—l—ﬂziﬂﬂz{

// @requires true;
while(x>0){

]{=]{+F’ "

F=F+3;
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Other examples

// @requires true;
while (x<=N){

if (%) {
x=2%x+y;
y=y+1;

} else {
X++;

+
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Other examples

D

// @requires true;S
while (x<=N){

if (%) {
x=2%x+y;
y=y+1;

} else {
X++;

+
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Other examples

// @requires true;

while (x>=0){
x= —2%x + 10:

}



Other examples

5

// @requires true;

while (x>=0){
x= —2%x + 10:

}
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Other examples

while (x!=y) {

if (x>y) {

X =X - V;
} else

y =y - x;
}
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Other examples

O@
while (x!=y) {°
if (x>y) {
X =X - V;
} else
y =y - x;
}
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Other examples

d§§.’
// @requires n>200 and y<9;
x = 0;
while (1) {
if (x<n) {
X=X+V;
1f (x>=200) break:
}
}
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Improving termination provers

-» Synthesis technique can help improve power
of the termination prover

-> Key idea: Found precondition can be used as
case split
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Improving termination provers

¢ Terminator Lemma Viewer — D' |

File View Help
Proof Information Source Code

- Lemmas phase.c

—-main 1: void main()

{

int x,¥;

= nondet () ;

= nondet () ;

while {=>0)} {

< : -
0: l’if (y<0)} {} else {}\

Expression 11: -
12: X=Xty

13: -
14:
15:

xx»=1
<= ({H[x]-1)

y<=(H[y]-1)

&

File: ¢ sltalks \byron cmub_demo'phase.c, Line: 8, Function ‘main’




—Source Code

phase.c

~1: woid main()
thile (x>0) 2p

émE: ¥ = nondet();

émﬂ: while (x>0} {
n '| 3 | G-

||



—Source Code

phase.c

thile (x>0) P

émﬂ: while (x>0} {
n '| } | g .

||



Refinement

procedure PHASEDPRESYNTH(I, R)
begin
C' := PRESYNTH(I, R)
if C' is non-empty then
C := C'UPHASEDPRESYNTH(I, R|-¢)
fi
return C
end



Outline

-» Recursive programs

-> Weakest preconditions
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